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Question 1 (6 marks)

Consider the polynomial P(z) =z* =57+ az® +bz—20, where a and b are real constants.

(a) Find a real quadratic factor of P(z), given that 3+ is a zero.

(2 marks)

(b) (i) Given that P(z) has a factor of (z—1), show that a +b =24.

(1 mark)

(i) When P(z)is divided by (z+1), there is a remainder of —34. Show that a —b = —-20.

(1 mark)
(iii) State the values of a and b.
(1 mark)
(c) Write P(z) as a product of a real quadratic and real linear factors.
(1 mark)
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Question 2 (7 marks)

Consider the planes A and P, in 3D space.
B:x+2y-3z=9
Pix+y+2z=5

(a) Show that these planes are not parallel.

(1 mark)

(b) The augmented matrix for the planes in part (a) is{1 2 -3 9}

11 2 : 5]/

Use a clearly defined row operation or row operations to show that these planes meet along a
common line, [, with parametric equations,

x=1-7¢
y=4+5t, where tis a real parameter.

7=t

(2 marks)

(c) Show that the point 4(—13, 14, 2) lies on /,.

(1 mark)
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Figure 1 shows £, P,, I,, and the point O(-10, 12, 0).

Point O does not lie on A and does not lie on P, .

Figure 1

(d) Find the equation of plane P, that contains both /, and Q.

(3 marks)
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Question 3 (8 marks)

i a [-i -3a , 2
(a) Show that 0 = 0 |, where a is a real constant, and i” =-1.
1 —1

(2 marks)

. n . n .n—1
1 a 1 nai
(b) Prove by mathematical induction that {0 } = { }for all positive integers n.
1 l'”

(4 marks)
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i a 3 i a 2027
(c) Hence, find - .
0 7 0 7

(2 marks)
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Question 4 (7 marks)

Figure 2 shows the triangle OAB. The point M is the midpoint of OA, and the point NV is the midpoint
of OB.

Figure 2

Let O4 =a and OB = b.The vectors AN and BM are perpendicular.

(@) (i) Show that AN = %b —a.

(1 mark)

(i) Find BM in terms of a and b.

(1 mark)
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(b) Use the expressions found in part (a) and the fact that AN and BM are perpendicular to show

that\a\2+ \b\zzga‘b.

(2 marks)
0
(c) Using the cosine rule in triangle OAB, show that ‘AB‘ =|a \2 +|b \2 —2a-b.
(2 marks)
_p
(d) Use the results of parts (b) and (c) to show that ‘AB‘ = é( a \2 +|b \2)
(1 mark)
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Question 5 (10 marks)

Consider the function f(x)= ln(\/x— 2+ 2) forx>2.

(a) Draw the curve of y = ln(\/x—z +2) on the axes in Figure 3.

A yo

Figure 3

(2 marks)

(b) (i) Show that the inverse, f ' (x), of y = 1n(\/x—2 +2) for x>2is /7' (x) :(e" —2)2 +2.
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(i) State the exact domain of /' (x).

(1 mark)

(iii) Draw y =f_1(x) on the axes in Figure 3, shown in part (a). (2 marks)

(c) The volume of the solid of revolution formed when the curve y = f‘1 (x) is rotated 27 about the
5

yaxisfromy=2toy=5is V' = nj(ln(\/ﬁn%))zdy.

2

(i) Using Figure 3 and (b)(iii), explain why the volume of the solid may also be given by
5

V= ﬂJ(ln(\/x——Z+2))2dx.

2

(1 mark)

(i) Evaluate the volume of the solid, correct to 3 significant figures.

(2 marks)
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Question 6 (8 marks)

The solutions of z° =—8 are shown on the Argand diagram in Figure 4.

Im (z)

2
Z3 Zl
< > Re(z
> ()
Z4 Z()
s
Figure 4

(@) (i) By using De Moivre’s theorem or otherwise, write the solutions z;, z,, z5, 24, Zs, Z¢ in rcis® form

below.
1= iy = i3 =
Z4 = i5 = Ze =

(2 marks)

(i) Show that ‘zl —zé‘ =2

(2 marks)
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Figure 5 shows a triangle formed by joining O, z;, and z, and a hexagon formed by joining
24, 291 235 242 250 26

Im (z)

%)
% 7

0 Re (z)
2 Z{,

s

v
Figure 5

(b) (i) Show that the area of the triangle Oz,z, is \/25

(2 marks)
(i) Find the exact area of the hexagon.
(1 mark)
(c) The solutions of 2% =k, where k is a real constant, form a hexagon of area 9./3.
Find a value for £.
(1 mark)

page 13 of 16 PLEASE TURN OVER



Question 7 (9 marks)

Consider the function /(x)=sinxIn(cosx), where cosx >0.

(a) Using integration by parts, show that

fsinxln(cosx)dx =—cosxIn(cosx)+cosx+c, where ¢ is a real constant.

(2 marks)

(b) Hence, show that J } sinxIn(cosx)dx = %ln2 —%.

0

(3 marks)
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Figure 6 shows the graph of f (x)=sinxIn(cosx)

n n
for —<x<—.
2 2
The point P is on the curve of y = f'(x), where x =T
Y
34
2 —+
l =+
: : : b
i i NG E
2 4 1+ 4 2
SCME
3%
Figure 6

(c) On Figure 6, clearly draw and label the graph of y = f(\ x \) for - T <x< ™.

(2 marks)

(d) Hence, find the exact area bounded by the curves y = f(x) and y = f(\ x
X = il and x = T
3

), and the vertical lines

(2 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 5(b)(i) continued).

page 16 of 16 — end of booklet
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Question 8 (16 marks)

A circle (x—fr)2 +(y—1)2 =1 is drawn on Figure 7 below.

Figure 7
A parametric curve has the equations below.

{x(t) =¢—sint

for0<r<2x
y(t)=1-cost

(a) Sketch the parametric curve on the axes in Figure 7 above. (3 marks)

Lo dy .
(b) (i) Find —— for the circle.
dx

(2 marks)

d
(i) Find dfy for the parametric curve drawn in part (a) in terms of ¢.
X

(2 marks)
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(c) Hence, show that both curves have a common horizontal tangent at P(n, 2).

(2 marks)

(d) From part (a), notice that the length of arc OP > length of the line OP.
Consider the triangle OPA4, where 4 is (27, 0).

Using the triangle inequality, show that the length of the parametric curve from 0 to 27 is greater
than the circumference of the circle.

(3 marks)

Question 8 continues on page 4.

page 3 of 12 PLEASE TURN OVER



2
(e) (i) Show that the length of the parametric curve from ¢ =0 to # = 2x is given by J2sin(§J dt.

0

(3 marks)

(i) Hence, find the length of the parametric curve.

(1 mark)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 8(e)(i) continued).
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Question 9 (14 marks)

d I _
A small ball rolls down a path with velocity described by Y —-—e O‘Sty2 metres per second

dt 10
where ¢ > 0 is measured in seconds and y > 0 is measured in metres.

1

(a) (i) Using integration techniques, show that the solution curve is y :W
c—VU.2e

where ¢ is a constant.

(3 marks)

(ii) If the ball is initially at the position t = 0, y = 10, find the exact value y approaches as ¢ — .
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(b) Draw the solution curve for an initial position of =0, y = 10 on the slope field shown in Figure 8.
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(3 marks)

Figure 8

Question 9 continues on page 8.
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(c) Show that

2
dy __dy (l+le—o.5t
dar*  dt

dal2 s

(3 marks)

(d) Considering the curve from part (a)(ii) and part (b), find the exact value of f when

(3 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 9(c) continued).
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Question 10 (15 marks)

The complex number z; = 0.36¢is@, where 0 <0 < % is shown on the Argand diagram in Figure 9.

Im(z)
14
0.5+
-z
1o
: : : : >Re(z
-1 ~0.5 T 0.5 1 1.5 (Z)
0.5
N
Figure 9

(@) (i) Findin polar form a complex number z, in the same quadrant such that z22 =7.

(i) Mark z, on Figure 9.
(b) (i) On Figure 9, mark the set S of complex numbers z such that | z—1|<0.1.

(i) On Figure 9, mark the set T of complex numbers z such that Re(z) >0.9.
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1
(c) (i) Find the smallest positive integer n, such that (0.36)" >0.9.

(1 mark)

(i) Hence, find in polar form a complex number w in the first quadrant such that w" = z;, where n
is the integer found in part (c)(i) and z; = 0.36 ¢is6.

(2 marks)
(iii) Suppose 0 =%.
(1) Write w in cartesian form.
(1 mark)
(2) Is win the set T? Justify your answer.
(1 mark)
(3) Is w within the set S? Justify your answer.
(2 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 10(a)(i) continued).

page 12 of 12 — end of booklet



SPECIALIST MATHEMATICS FORMULA SHEET

Circular functions

sin’4+cos’4 =1

tan’A + 1 = sec’4

1+ cot’4 = cosec >4

sin( A+ B) =sin Acos B+ cos Asin B
cos(A+ B)=cos Acos B Fsin Asin B

tan A+ tan B
1¥tan Atan B

tan( A+ B)

sin2A4 =2sin Acos A
c0s2A =cos’A—sin’4
=2cos’4—1
=1-2sin’4
2tan 4
1—tan’4
2sin Acos B =sin( A+ B)+sin(A—B)

tan2A4 =

2cos Acos B =cos(A4+B)+cos(A—B)
2sin Asin B = cos(A—B)—cos(A +B)
sin4+sinB = ZSin%(A + B)cos%(A ¥B)
cos A+cosB = 2005%(A+B)cos%(A -B)

cosA—cosB = —ZSin%(A + B)sin%(A—B)

Matrices and determinants

IfA:{a b}then det 4 =|A|=ad —bc and
c d
[ b

‘A‘ - al

Measurement
r
Arc length, / =r0, where 0 is in radians.

Area of sector, 4 =

In any triangle 4BC: A

B a

Area of triangle = %ab sinC

a b ¢
sind sinB sinC

a* =b*+c* = 2bccos A

20, where @ is in radians.

Quadratic equations

—b++/b* —4ac

2a

If ax* + bx+c =0 then x =

Distance from a point to a plane
The distance from (x;, y;, 7, ) to
Ax+ By+Cz+ D =0 is given by
‘Ax1 + By, +Cz +D‘

JA2+ B+
Derivatives
. dy
xX)= X)=—
f@)=y | S=F
. 1
arcsin x
1-x°
-1
arccos x >
1—x
1
arctan x 1+ 52

Properties of derivatives
d

)2 0)= () () (2)
d[f(X)j:f'(X)g( —/(x)¢'(x)

dx g(x)
d

x)
(g(x))
4 (o) = 7 ()

Arc length along a parametric curve
b

l:f vevdt, where a <t <bh.

a

Integration by parts

J 1 @)eg()ar=f (x)g(x)- [ £ () (x)ds

Volumes of revolution

b
About x axis, V = fﬂy2dx, where y is a function of x.
a

d
About y axis, V = fﬂxzdy, where y is a one-to-one

function of x.
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